ON ALEXANDER POLYNOMIALS OF CERTAIN (2,5) TORUS CURVES 

M. KAWASHIMA AND M. OKA 



Abstract. In this paper, we compute Alexander polynomials of a torus curve C of type 
(2, 5), C : fix, y) — f2{x, y)^ + fsix, y)^ = 0, under the assumption that the origin O is the 
unique inner singularity and /2 = is an irreducible conic. We show that the Alexander 
polynomial remains the same with that of a generic torus curve as long as C is irreducible. 



1. Introduction 

A plane curve C C of degree pq is called a curve of torus type {p, q) with p > q > 2, ii 
there is a defining polynomial F of C of the form F = Fp+Fq, where Fp, Fq are homogeneous 
polynomials of X, Y, Z of degree p and q respectively. A singularity P € C is called inner if 
Fp{P) = Fq{P) = 0. Otherwise, P is called an outer singularity. A torus curve C is called 
tame if it has no outer singularity. We assume O = (0,0) hereafter. In [5], the first author 
classified the topological types of the germs of inner singularity of curves of (2, 5) torus type. 
In this paper, we are interested in the Alexander polynomial of C which is an important 
topological invariant. In the case of irreducible sextics of torus type (2,3), there are only 3 
possible Alexander polynomials: 2(*) = {t^ - t + 1)^ j = 1, 2, 3 ([llj). 

A tame torus curve C of type (p, q) is said to be generic if the associated curves Cp — 
{Fp = 0} and Cq = {Fq = 0} intersect transversely at pq distinct points. It is known that 
the Alexander polynomial of a generic C is equal to /^p^q{t) ([12]) where 

. /N itP'''^ - If it - I) ^, , 

^v,,{t) := \^_^^[^q_^y r = gcd{p,q). 

Moreover it is also known that the Alexander polynomial of C is still equal to Ap^g(t), if C 
is tame and Cp, Cq intersect at O with intersection multiplicity pq and Cp is smooth ([2l|3]). 

Let C be a torus curve of type (2, 5) such that C has a unique inner singularity, say O € C 
(thus /(C2, C5; O) = 10) and we assume that C has no outer singularity. Then we have shown 
that there are 22 possible singularities for (C, O) under the assumption that C2 is irreducible 
([5]). For 8 classes among 22 type of singularities, C can be either irreducible or reducible. 
We list those 22-singularities below. Throughout this paper, we use the same notations of 
singularities as in [U HO] . 

(I) Assume that C is irreducible, the possibilities are: 

-650,2, -843^2 ° -62,3, -636,20-64^3, -629,20-86,35 -622,2 0-68,3) -615,20-610,3, -625,4, 

(^q2 ^^B32,2+B2,2 ^ (^^2^")B32,2+-B2,2^ ('2^2 ^~)-B23,2+-B3,2 ^ (^^2 ^)-Bl4,2+-B4,2 ^ (^^2^ ^ ^2^5,2 ^ 
(i?2^,2)««^ (i?i\2)'''^^ (i?|,2)^«'^+^^'^oi?2,l, {Bl.f^^^+^^^^oB,,,, 

{By^^'^ o B2,i, ^29,2 o ^2,1 o {Bl,)^>=,^ {k = 1, 2, 3, 5). 
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(II) If C is reducible, the possibilities are: 

(a) with a line component: 

^29,2 ^2,1 0(^2'! A; = 1,2,3,5. 

(b) with five conies: -620,5- 

We recall some of the notations. 

Bp^g : + = 0, 
o B,,, : {xP + + y') = 0, g/p < s/r. 

The singularities listed below have degenerate faces in their Newton boundaries and we need 
one more toric modification for their resolutions. See [5] for the detail. 

(-^2^)-B32,2+B2,2^ (^^2_^)B32,2+-B2,2^ ^'^B2Z,2+B3,2 ^ 2 ) -^"'^ ^^'''^ , (-8^02)^^^'^, 

(B2^,2)''«^ {Bl^,2?B^>^^ {Bl,)^^^^^+^^^^ o B2,i, {Bl^)^^^^+^-^^ O B2,U 

(^2 2)^^-2 o ^2,1, ^29,2 o B2,l o = 1, 2, 3, 5). 

In this paper, we use the method of Libgober [6], Loeser-Vaquie [7j and Esnault-Artal 
(imi]) for the computation of the Alexander polynomials. 

Theorem 1. Let C he a tame torus curve of type (2,5). Suppose that C has a unique inner 
singularity and C2 is irreducible. Then the Alexander polynomial Ac(t) of C is given as 
follows. 

(1) If C is irreducible (case (I)), then 

Ac{t) = A5,2(t) where A5,2(t) = - + - t + 1. 

(2) If C is reducible and have a line component (case (Il-a)), 

Acit) = {t-l){t^-t^ + t^-t + l). 

(3) If C is reducible and {C,0) ~ i?20,5 (case (Il-b)), 

Ac{t) = {t- lf{t + l)\t^ -t^ + t^-t + l)\t^ + t' + t^ + t + If. 

Corollary 1. Let C be a tame torus curve of type (2,5) and assume that there is a degen- 
eration family Ct, t G W such that Ct — C, t ^ and Co is an irreducible tame curve with 
a unique singular point P where W is an open neighbourhood of the origin in C. Assume 
that {Co,P) is topologically isomorphic to one of the above 21 singularities (Case I). Then 
the Alexander polynomial Ac(t) is given by A5^2(i)- 

Corollary 2. Let C be a tame irreducible torus curve of type (2,5) such that C5 is smooth 
and C2 is irreducible. Then the Alexander polynomial is given by A5^2(i)- 

2. Alexander polynomial 

Let us consider the affine coordinate = \ {Z = 0} and let x = X/Z, y = Y/Z. Let C 
be a given plane curve of degree d defined by f{x,y) = and let O € C be a singular point 
of C where O = (0,0). We assume that the line at infinity {Z = 0} is generic with respect 
to C. 
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2.1. Loeser-Vaquie formula. Consider an embedded resolution of (C, O) C (C^,0), vr : 
U ^ U where U is an open neighborhood of O and let Ei, . . . , Eg be the exceptional divisors. 
Let (n, v) be a local coordinate system centered at O and ki and mj be respective order of 
zero of the canonical two form iT*{du A dv) and vr*/ along the divisor Ei. The adjunction 
ideal ,Jo,k,d of Oq is defined by 

Joxd = {4>^Oo\ > ^[\km,ld\ - ki)Ei}, k = l,...,d-l 

i 

where [r] is the largest integer n such that n < r for r G Q ( [U Sj ) . 

Let 0{j) be the set of polynomials in x,y whose degree is less than or equal to j. We 
consider the canonical mapping a : C[x,y] — > Oq and its restriction: 

cTfc : 0{k - 3) ^ Oo- 

Put Vfc(O) = Oo/JTo,k,d and we denote the composition 0{k — 3) — > Oq — > V/c(0) by frfc. 
Then the Alexander polynomial is given as follows. 

Lemma 1. f]6l [3 lU |3| j The reduced Alexander polynomial A.c{t) is given by the product 

d-l 

(1) Ac{t) = l[A,{tY- 

k=i 

where d is the degree of f, £k is the dimension of Cokei ak and 

Akit) = [t- exp(^) j (t - exp( ^) j . 

We use the method of Esnault-Artal ([I]) to compute Ik- 

Remark 1. The Alexander polynomial Ac{t) is given as 

Ac{t) = {t-lY-'Ac{t) 

where r is the number of irreducible components of C ([12j). Note that for the case of curve 
of degree 10. 

A5(t) = (t + l)2, Ae{t)As{t)=t^ + t^ + t^ + t+l, A7{t)Ag{t) =t^ -t^ +t'^ -t+1. 

2.2. Pliicker's formula. We denote the Milnor number of the singularity of (C, P) by 
fi{C,P) and the number of locally irreducible components of {C,P) by r{C,P). We re- 
call the generalized Pliicker's formula. Let Ci, • • • ,Cr be irreducible components of C and 
let Ci,...,Cr be their normalizations, let g{Ci) be the genus of Ci and let 11(C) be the 
singular locus of C. Then 

r 

x{C) = Y,i'^-2g{Ci)) = d{3-d)+ {ii{C,P)+r{C,P)-l)<2r 

For further details, we refer to [U El [13]. 

3. Outline of the proof of Theorem [T] 

We have to consider the following 22-singularities. We denote a class of a singularity (C, O) 
which can appear both as an irreducible curve and a reducible curve by ^(C, O). In the section 
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3.2, we will use notation "•'^(C7,0), ''^'^{C,0) to distinguish the case of C being irreducible 
and reducible. 

-650,2, -843^2 ° -62,3, i?36,2 ° ^4,3i "-629,20-66,3, 522,2 0-68,3, -615,2 o i?io,3, ^20,55 -625,4, 

(^Q2^^Bi2,2+B2.2^ (■^2^)-B32,2+-B2,2^ (^^2 ^^-B23,2+-B3,2 ^ |^^| ^ )-Bi4,2 +-64,2 ^ J^^2^ ^^2^5,2 ^ 

° B2,l, «S29,2 ^2,1 o (Sli)^'^.^ (fc = 1,2,3,5). 

3.1. Divisibility principle and Sandwich principle. Suppose we have a degeneration 
family Cg, s £ W oi reducible curves such that C^, s 7^ are equisingular family of plane 
curves. Here W is an open neighbourhood of the origin in C. We denote this situation as 

Cg ^— ^ Cq. Then we have the divisibility Ac^{t) \ Ac^{t) (Theorem 26 of [E]). Suppose 

that we have two degeneration series Cg — > Cq and — > Dq such that Co = Dr {r 7^ 0) 
and assume that Ac^(t) = A£)Q(t). Then the divisibility implies that Ac^(t) = Acoit) (the 
Sandwich principle). 

3.2. Degeneration series. Recall that we have the following degeneration series among the 
above singularities ([5]): 

(1) Main sequence: 

^50,2 ^43,2 0^2,3 (51^)532,2+52,2 _^ 536,2 ^4,3 

\(a) 

> "-629,20^^6,3 ^ -622,20^8,3 > -615,2 o i?io,3 -620,5 

>) \ (c) 

where the branched sequences (a) from (5|2)^32'2+^2,2 and (b), (c) from ^29,20^6,3 
in the main sequence are as follows. 



a 



) {Bl^)^3^-^+^^'^ (52^)-B23,2+B3,2 ^ (52^)Bl4.2+-B4,2 ^ 



2 \2Bs 
10,2) 



Bl^.r'^^ - (i??2,2)'^- - ^25, 



4- 



(b) (i) -'-^29,2 o ^6,3 ^ --(5| 2)B46.2+Bi,2 „ ^3,1 ^ --(5| 2)^^2+52,2 „ ^2,1 ^ 

-'■(B22)^^'^oi?2,l. 

(h) -^^29,2 o ^6,3 ^ '^^^29,2 o ^2,1 o (S| 1)^1.2 ^ -^^29,2 o ^2,1 o (S| 1)^^.2 ^ 
--^29,2 o ^2,1 O (5|,1 ^ ''"^29,2 O ^2,1 o (^1,1 • 

(c) (i) -'^^29,2 o ^6,3 ^ -'^(S| 2)^^«-^+^^'^ o ^2,1 ^ -^(^2^)5^,2+52,2 o B2,l ^ 

^^'^(S| 2)^^'^ 0^2,1. 

(ii) ^^^^^29,2 0^6,3 ^ ^'^'^529,2 0^2,1 o (5|,l)''''' ^ "^''529,2 0^2,1 o {BI^)''^^^ ^ 
-^^529,2 o ^2,1 o (S|,i)^3-2 ^ ^^^^^29,2 o ^2,1 o (5i,i)^5-2 . 

The main sequence is obtained through the degenerations of the tangent cone of C5 at O, 
keeping the irreducibility of C2. In the last degeneration -615,2 o -610,3 — -620,5 of the main 
sequence, C degenerates into a reducible curve. 

The branched sequence (a) from {B\2)^^^'^~^^^'^ is obtained by degenerating (C5, O), fixing 
the tangent cone of C5 at O. More precisely, the tangent cone of (C5,0) is a line with 
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multiplicity 2 and the generic singularity of (C5, O) is and the corresponding degenerations 
of (C5, O) are: 

(C5, O) : Ba,2 Bq^2 Bs,2 -Bio,2 -611,2 -612,2 -613,2- 

The branched sequence (b) (respectively, (c)) from .629,2 o i?6,3 (resp. '''^'^-629,2 o -66,3) is 
also obtained by degenerating {0^,0) fixing the tangent cone of C5 at O (See §3.4). 

3.3. Strategy. Our strategy is the following. The singularity -650,2 is obtained when C2 
and C5 has a maximal contact at O and (6*5,0) is smooth. In this case, it is known that 
Ac(t) = — + t"^ — t + 1 by Theorem 2 of [2]. Hence by virtue of the Sandwich principle, 
it is enough to show 

(1) the irreducibility of C and 

(2) Ac{t) = A5,2(t) for the case (C, O) being one of the following singularities which are 
the end of the degenerations. 

^15,2 0^10,3, ^25,4, ^(S^ 2)''''' ° ^2,1, "^29,2 o ^2,1 o (S|,l)''''' ■ 

By virtue of Lemma [H to show Ac{t) = A5,2(t) is equivalent to show that 

(H) .' CTfc : 0{k — 3) — > Vfc(O) has one- dimensional cokernel for k = 7,9 and surjective for 
other cases. 

So for the proof of the assertions (1) and (2) of Theorem 1, we will actually show the above 
property (jj). 

The last singularity -620,5 of the main sequence appears when C consists of five conies. We 
treat this case separately in the later section. 

3.4. Irreducibility of C. Now we will discuss the irreducibility of C using the generalized 
Pliicker's formula. First we show that C is irreducible if (C, O) is one of 2 singularities 
-615,2 o -610,3 and -625,4. 

Case (C, O) ~ -615,20^10,3: Note that the singularities -615,2 and -610,3 are locally irreducible 

singularities. As /u(-6i5,2) = 14, /x(i3io,3) = 18 and each singularity appears for sextics or 

higher degree curves. Thus C must be irreducible, as the degree of C is 10. 

Case (C, O) ~ -625,4: The singularity -625,4 is a locally irreducible singularity and thus C is 

irreducible. 

Case (C, O) ~ -629,2 o -66,3: Next we consider the case (C, O) ~ -629,2 o -66,3 and we will show 
that C can be either irreducible or reducible. Recall that the singularity -629,2 o i?e,3 appears 
in the case that C2 and C5 satisfies following three conditions ([5]): 

(I) C2 is irreducible and I(C2,C5;0) = 10. 

(2) (C5, O) has the multiplicity 3 and the tangent cone consists of a multiple line Li of the 
multiplicity 2 and a single line L2. 

(3) The conic C2 is tangent to the line Li at O. 

Under the condition I(C2, C5; O) = 10, we have generically (C, O) ~ -629,2 o -65,3. The singu- 
larity -629,2 is locally irreducible and -629,2 appears for curves of degree d > 7 as /i(-629,2) = 28. 
Hence we have four possibilities: 

(1) C: irreducible, {2)C = DqUDi, (3) C = U 1)2, (A) C = Df U D-^ 

where is a curve of degree d. But the cases (3) and (4) are impossible. Indeed, if 
C = DjU D3, then either (a) (1)7,0) ~ ^29,2, (^3,0) ~ ^6,3 or (b) (Dy,©) ~ ^29,2 o 
-62,1, (-^3,0) ^ -64,2. We observe that fi{D3,0) = 10 in the case (a) and ^{D-j^O) = 35 in 
the case (b) and neither case is possible by the generalized Pliicker's formula. By the same 
argument, we see that the case (3) is impossible. Hence we have two possibilities: 
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(i) C is irreducible or 

(ii) C consists of a line and a curve of degree 9. 

If C has a line component, this line must be defined by {y = 0}. In fact, this case is given 
by the normal forms of /2, f^: 

/2(x, y) = ao2 + (an x + l)y -k"^ x^, 

h{x, y) = {t + ao2 boi) y^ + Mx) + M^) + M^) y^ + M^) y-k^x^ 
where , 02 , </'3 , 04 take the forms: 

(l)4ix) = (ao2 &13 - ao2&i2 + On ^04)a:; + ^04, 

03(x) = ibi3aii-k'^bo4-2bi2ao2aii + b22ao2)x'^ + bi3X, 

(t>2{x) = {ao2k^ + k"^ aQ2bi2 - k'^ bi3 - bi2ali + b22au)x^ + b22x'^ + bi2X, 

01 (x) = {auk^ + bi2k'^au-b22k'^)x^ + {k^ -k'^bi2)x^. 

The branched sequence (b), (c) in §3.2 are obtained by degenerating (C5,0), fixing the 
tangent cone of (C5,0) and keeping irreducibility of C. 

Case (C, O) ~ -620,5' This is the last singularity in the main sequence. We will show that C 
can not be irreducible in this case. As ^(-620,5) = 76, the number of irreducible components 
r of C must be at least 5 by the generalized Pliicker's formula. On the other hand, the 
singularity i?20,5 consists of 5 smooth local components. Any two components intersects with 
intersection multiplicity 4. Thus each local component corresponds to a global component 
and its degree must be 2, namely a conic. 

4. Calculation of Ac{t) I: Non-degenerate case 

We divide the calculation of the Alexander polynomial ^cit) in two cases, according to 
(C, O) being non-degenerate or not. In this section, we treat the first case. 

4.1. Characterization of the adjunction ideal for non-degenerate singularities. In 

general, the computation of the ideal Jo,k,d requires an explicit computation of the resolution 
of the singularity (C, O). However for the case of non-degenerate singularities, the ideal Jo,k4 
can be obtained combinatorially by a toric modification. Let (u, v) be a local coordinate 
system centered at O such that (C, O) is defined by a function germ /(u, v) and the Newton 
boundary r(/; n, v) is non-degenerate. Let Qi, . . . , be the primitive weight vectors which 
correspond to the faces Ai,...,As of T{f;u,v). Let vr :[/—>[/ be the canonical toric 
modification and let E{Qi) be the exceptional divisor corresponding to Qi. Recall that the 
order of zeros of the canonical two form TT*{du A dv) along the divisor E{Qi) is simply given 
by \Qi\ — 1 where \Qi\ = p + q ioi a. weight vector Qi = ^{pi,qi) (see pO]). For a function 
germ g{u,v), let m{g,Qi) be the multiplicity of the pull-back {TT*g) on E{Qi). Then 

Lemma 2 ([H]). A function germ g £ Oq is contained in the ideal Jo,k,d if and only if g 
satisfies following condition: 

k 

m{g, Qi) > [^"i(/> Qi)] - IQil + 1> i = l,...,s. 
The ideal Jo,k,d is generated by the monomials satisfying the above conditions. 
We consider the following integers for each singular point P € 5](C): 
Pk{P):=dimVkiP), m-= y\ Pk{P) - dim 0{k- 3), ik(P):= min I{gJ;P), 
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where Vk{P) = Op / Jp^k,d- Then the multiphcity Ik in the formula ^ of Loeser-Vaquie is 
given as 

Ik = dim Coker fjfc = p{k) + dimKera-fc. 
where is defined in §2.1. We consider the integer Ylp^ji^c) ^k{P)- 

Proposition 1. If'}2p<=:T,(c) ''kiP) > d{k — 3), then 

(a) C is irreducible and is injective and = p{k) or 

(b) C is reducible. 

Proof. Suppose / 51 G Kerfj^ C 0{k — 3). Then by Bezout theorem, we have 

d(A; - 3) > /(G, C) > I{G,C;P)> ^ Lk{P) > d{k - 3) 

P&T.[C) P&{C) 

where G = {g = 0}. This is an obvious contradiction unless g \ f. Thus this implies either / 
is irreducible and (fk is injective or / is reducible (and g\ f). □ 

4.2. The singularities -615,2 ° -610,3 and -B25,4- Now we consider the following two non- 
degenerate singularities -615,2 ° -610,3, and -625,4 which appear as the last singularities of the 
respective degenerations with C being irreducible. We assume that we have chosen local 
analytic coordinates {u, v) so that 

^15,2 ° ^10,3 : f{u, v) = u^^ + n^°i;^ + + (higher terms), 

-625,4 : f{u, v) = u^^ + + (higher terms). 

The local data are given by the following tables. 



k 


Jo,k,10 


Pk{0) 


ik{0) 


3 


{u,v) 


1 


5 


4 


{u^, v) 


3 


15 


5 


{u^,uv, v^) 


6 


23 


6 




10 


33 


7 




16 


43 


8 




21 


52 


9 


{u^^, u^v, u^v"^ ,uv^ ,v'^) 


29 


63 



-625,4 : 



k 


J^O,k,10 


Pk{0) 


ik{0) 


3 


{u,v) 


1 


4 


4 


{u^,v) 


3 


12 


5 


{u^,v) 


6 


24 


6 




10 


32 


7 




16 


44 


8 




21 


52 


9 




29 


62 
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Case (C, O) ~ -615,2 o-Bio,3 and -625,4- In this case, we have the inequahties ik{0) > 10(A; — 3) 
for all fc = 3, . . . , 9 by the local data. Hence ak is injective for all k by Proposition 1 and we 
obtain the property ((J): 

Therefore Ac(t) = A5,2(t) = - + - t + I. 

4.3. Exceptional case:(C, O) ~ -620,5. In this section, we consider the last singularity -620,5 
which takes place for reducible C. Recall that C is a union of five conies. We assume that 
we have chosen local coordinates (n, v) so that (C, O) is defined by 

-620,5 : f{u^ v) = u^^ + + (higher terms), 

where we ignore the coefficients of the monomials and other monomials corresponding to 
other integral points on the Newton boundary. 



k 


Jo,k,lO 


Pk{0) 


ik{0) 


3 


{u^,v) 


2 


10 


4 




4 


20 


5 




8 


30 


6 




12 


40 


7 


(u^°, u^v, v^v^, v^) 


18 


50 


8 


{u^'^,u^v,u'^v'^,v^) 


24 


60 


9 


{u^'^, u^^v, u^v"^ ,v?v'^ ,v'^) 


32 


70 



Again we have the inequalities tfc(O) — 10(fc — 3) > for all A: = 3, . . . , 9. We claim that cxfe is 
injective for all k. In fact, assuming 7^ 5 G Ker a^, we have | / by the proof of Proposition 
1 and this means g is a, union of conies which are components of /. Consider the factorization 
/ = /11/12/13/14/15 where {hi = 0} is a smooth conic component of C . Then we may assume 
that 

/ u^^ + + (higher terms), hi 1-^ + Cv + (higher terms), i = 1, . . . , 5 

where C = exp(7ri/5). Thus suppose that g = hi^ ■ ■ ■ hi-. Then 2j < A; — 3 or j < [^^] and 
(Jkid) must contain with a non-zero coefficient. This implies that j < 0,0,1,1,2,2,3 for 
fe = 3,4, . . . ,9 respectively. On the other hand, € i7o,fe,io implies from the table of -620,5 
that j > 1,1,2,2,3,3,4 for k = 3,..., 9 respectively. This gives an obvious contradiction. 
Hence we have 



'1 


k 


= 3,4, 


2 


k 


= 5,6, 


< 




3 


k 


= 7,8, 


.4 


k 


= 9. 



Therefore by the formula ([T]) in Lemma [T] we obtain the equality: 

Acit) = {t- l)\t + l)\t^ -f^ + t^-t + l)\t^ + t^ + t^ + t + if. 
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5. Calculation of Ac{t), II: Degenerate cases 
Next we calculate the Alexander polynomial of following two degenerate singularities: 

• {Bq2)^^'^ ° -82,1: this is the last singularity of the sequence of (b-i) or (c-i). 

• -^29,2 o ^2,1 o (-B2 1)^^'^: this is the last singularity of the sequence of (b-ii) or (c-ii). 

5.1. Characterization of the adjunction ideal for degenerate cases. For degenerate 
singularities, we proceed several toric modifications to obtain their resolutions. Consider an 
embedded resolution of (C, O) C (C^, O), tt : C/ — > [/ where U is an open neighborhood of O 
and let El, . . . , Eg be the exceptional divisors. We put the ideal ^o,k,d of Oq 

Jo,k,d := {M e Oo \ M : monomial, {it*M) > ^{[kmi/d\ - ki)Ei ), l<k<d-l. 

i 

In general, Jo,k,d C Jo,fc,d and Jo,k,d = Jo,k,d if (C, O) is non-degenerate from Lemma 
2. If (C, O) is degenerate singularity, there exist several other (non-monomial) polynomials 
hi, i = I,. . . ,r such that hi G Jo,k,d \ Jo,k,d and 

Jo,k,d = {M, h^\M £ Jo,k,d, i = l,...,r). 

5.1.1. Formulation of the multiplicities. We recall how the multiplicities of the pull-back 
of a function after toric modifications along the exceptional divisors can be computed. 

Let D = {g = 0} he a plane curve and let P € D be a singular point. Suppose that its 
Newton boundary T{g; u, v) consists of m-faces Ai, . . . , Am where {u, v) is a local coordinates 
centered at P. Then the face function of g with respect to a face Aj takes the form: 

hi 

i=i 

where Pi = ^{ai,bi) is the weight vector corresponding to Aj. Let {Eq,Pi, . . . ,Pm,E2} be 
the vertices of the dual Newton diagram T*{g;u,v) where Ei = *(1,0) and E2 = *(0, 1). 
Let TTi : Xi — > be the toric modification associated with {Tj\, {u,v), P} where Tj\ = 
{El, Qi, . . . , Qm', E2} is the canonical regular simplicial cone subdivision of {£'1, Pi, ... , Pm, E2} 
([To]). Then we can write the divisor {T^lg) as 

m' 

{7:lg) = b + Y,m{g,Qs)E{Qs) 

s=l 

where D is the strict transform of D and E{Qj) is the exceptional divisor corresponding to the 
vertex Qj. We assume that Pi = Qy^ for i = 1, . . . , m. Then the exceptional divisors E{Qy^) = 
E{Pi) intersects with the strict transform D. We take the toric coordinates (C^^ , (uj, Vj)) 

where a^. = Cone {Qu , Qu +1) so that {n,, = 0} defines E{Qy.) fi . Then D and the total 

111 1 

transform vr^Z? are defined in this coordinate as 

b : g{ui,Vi) = Ci {vi - TijT''' + R{ui, Vi) = 0, Q 7^ 

* n * / \ d{Pi;g) d{Q„. + i;g) _ , - 

TTiD : -K g{ui,Vi) = u-^ ""v- g{ui,Vi) 

where R = modulo (uj). Thus S^ij := (0, ^ij) is the intersection points of D and E{QuJ for 
j = 1, . . . , ki. We take an admissible translated coordinates {ui,vl) with u ■ = — jij + h{ui) 
in an open neighbourhood of where /i is a suitable polynomial with /i(0) = 0. Suppose that 
{D, ^ij) has a non-degenerate singularity with respect to the coordinates {ui,v'j) and suppose 
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that the Newton boundary has a unique face Aij for j = 1, . . . ,ki. (For our purpose, this 
case is enough to be considered.) Let Sij = ^{sij,tij) be the primitive dual vector which 
corresponds to the face Ajj and assume the germ {D,^ij) is equivalent to the Brieskorn 
singularity Bc-^^dij with tijCij = Sijdij. This means the dual Newton diagram T*{g;ui,v'^) 
is given by {£^1, £'2}. 

We take the canonical regular subdivision S*^- ofT*{g;ui,v'^). Put 

We may assume Sij = 7ij,feo for some /cq G {1, . . . ,mj}. At each point ^ij, we take the 
toric modification vTjj : Xij Xi with respect to {ui,v^),£,ij}. These modifications are 

compatible each other and let tt2 ■ X2 Xi be the composition of these modifications for 
every i,j so that the exceptional divisors of 7r2 are bijectively corresponding to the vertices 
oi T,* J, i = 1, . . . ,m, j = 1, . . . ,ki. What is necessary to be checked are the multiplicities 

of 7:*g and TT*{du A dv) along the exceptional divisors E{Tij^k) where vr : X2 — > is the 
composition of 112 : X2 — > Xi and vri : Xi C^. Then we can write: 

m' m ki "m,] 

{n*g) = D + Y, m{g, Qs)E{Qs) + "^^9, Tij^k)E{Ti^j,k). 

s=l i=l j=l k=l 

m' m ki TTLj 

{7r*K) = HQs)EiQs) + E E E km,,,k)E{T,^j,k) 

s=l i=l j=l k=l 

where K = du A dv is the canonical two form in the base space. 



Lemma 3. Under the above situations, the multiplicities are given as follows. Put Tij^k = 

i,^i,j,ki ^i,j,k^ ■ 

(1) The multiplicities m(g,Pi), m{g,Ti^j k) of ■K*g along the divisors E{Pi) and E[Ti^j^k) 
are given by 

m{g,Pi) = d{Pi,g), m{g,Tij^k) = Eij^kmig, Pi) + d{Tij^k,g). 

(2) The multiplicities k{Qs), k{Tij^ig) of the pull-back of the canonical two form K = 
du A dv along the divisors E[Qs) and E[Ti^j k) are given by 

HQs) = \Qs\- 1, k{Ti,j,k) = |7ij,fc| - 1 + £i,j,kk{Pi) 

where |*(a, 6)| = a + b. 

The proof follows easily from Theorem 3.8 and Proposition 7.2, Chapter III of [lOj . 

5.2. Generalization of Lemma [21 

Lemma 4. Under the above assumptions, a germ ip ^ Op is contained in the ideal Jp^k,d if 
and only if (p satisfies: 
k 

(1) 771(99, Pi) > [-m{g, Pi)] - k{Pi) for i = 1, . . . ,m, and 

k 

(2) m(v?, Sij) > [-m{g, Sij)] - k{Sij) for j = 1, . . . ,ki. 

Note that there are no conditions on other exceptional divisors E{Tij^k)- 
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Proof. The proof is almost parallel to that of Lemma 2 of pAj . Assume that (p satisfies the 
conditions (1) and (2). It is enough to show that 

k 

(2 - bis) m{(p,Tij^k) > [-m{g,Ti^j,k)] - k{Tij^k), j = l,...,ki, k = 1, . . . ,mj. 

Note that the condition (2) is equivalent to 
k 

(2)' m{(f,Sij) > -m{g,Sij) - {\Sij\ + Sijk{Pi)) for j = l,...,ki. 

First we observe that m{g,Tijfi) = m{g,Pi) and m{g,Tij^mj+i) = 0. Take Ti j^^ for k < k^ 
for example. We can write Tjj- ^ = akSij + PkTijfl for some positive rational numbers a^, (3k- 
Note that 

\Ti,j,k\ = o:k\Sij\ + Pk\Tijfi\ = ak\Sij\ + Pk, 
m{g, Tij^k) = akm{g, Sij) + (3km{g, Tij^), 

Here the second equality follows as A(5jj', vr^^r) n A{Tijfi,7rlg) 7^ by the admissibility of 
the canonical subdivision E,* ■. Thus we have 

m(ip,Tij^k) > ak'm{ip,Sij) + l3km{ip,Tijfi) 

> Ofc Q"i(g,5ij) - {\Sij\ + Sijk{Pi))^ + Pk Qm(g,ri,j-o) - (1 + ^(^0) 
k 

as £ij,k = OikSij + Pk by the equality Tij^k = OikSij + PkTijfi. This inequality is equivalent: 

k 

'm{(p,Tij^k) > [^'rn{g,Tij^k)] -k{Ti,j,k)- 

For Tij^k with k > ko, the argument is similar. Hence we have (/? G •Jp,k,d- D 

Now we consider the ideal Jp.k,d in more detail. Take € Op. We compute the multiplicity 
of ip along the divisors E{Pi) and E{Sij). We divide our consideration into the two cases: 

(1) ip is a monomial, 

(2) (/? is a polynomial (non- monomial). 

First we see the case (1) and we put ip{u,v) = u°'v^. As Trfp is also a monomial in Ui,Vi, we 
can check easily following 

m{p, Pi) = d{Pi, if) = aia + 6i/3, m{ip, Sij) = Sijm{(p, Pi). 

Next we consider the case (2). We can write ip{u,v) = (pp.{u,v) + R(u,v) where R{u,v) 
consist of monomials of degree strictly greater than d{Pi,ip). If A{ip,Pi) is zero dimensional, 
then the multiplicities m{ip,Pi) and m{ip,Sij) are equal to that of the monomial ipp.(u,v). 
If A{ip,Pi) is one dimensional, then the face function ipp-{u,v) can be written by 

ipp^iu, v) = a u'^v^ lliv''^ - <5iju^0''''^ , Ci, 6ij / 0. 
i=i 

Then the multiplicities m{p,Pi) is given by 

m{(f,Pi) = aiO + biP + aibi'^fiij. 
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In the admissible translated coordinates {ui,v'^), the function Trjy? is written by 

* / /\ rn(ip,Pi) ~, /N 

-K^ipiUi.V^) = CiU- '(p{Ui,Vi), 

i=i 



where R{ui,v[) = mod (uj). Thus we obtain 



Sijm{Lp, Pi) if 6ij / for all j, 

Sijm{ip, Pi) + d{Sij, (p) if (5ij = 7,^ for some j. 



Note that the multiplicity d{Sij, 0) depends on the form /i, R and Si^j. 

5.3. The case of 2)'^^'^ °^2,i- By the local classification in [5j, this singularity {Bg2)^^'^o 
^2,1 appears when the associated curves C2 and C5 satisfies following conditions: 

(1) C2 is irreducible and I{C2,C5;0) = 10. 

(2) The multiplicity of (C5, O) is 3 and the tangent cone of C5 consists of a line Li with 
multiplicity 2 and a single line L2- 

(3) The conic C2 is tangent to the line Li at O. 

Suppose that C2 and C5 satisfies the above conditions. Then we may assume that the defining 
polynomials of C2 and C5 are the following forms: 

/2(x, y)=y + a2QX^ + auxy + 002?/^, 020 / 0, 

f5{x,y) = bo^y^ + ((002612 + aubo4,)x + 604)^'' + ((2&i2ao2aii + 020604)2;^ + 2ao2&i22;)y^ 
+ ((2020002^12 + 612011)3;^ + 26i2aiix^ + 6i2x)y^ 
+ (20116120202;*^ + 2612020x^)2/ + 0206122:^ 

where 612 7^ and 020 + 6^2 7^ general. If 020 + 6f2 = 0, (C, O) has the same type of 
singularity but C is not irreducible and has a line component which is defined by {y = 0}. 
Now we take a local coordinates {u, v) of the following type so that 

X = u, y = v + (p{u), Lp{u) = -a2ou^ H , 020 7^ 0, 

/2(u, V + (p{u)) = V + ClU^ H , 

/5(n, V + (p{u)) = boAv'^ + bi2uv^ + C2n^° + (higher terms), 612, C2 7^ 0, 
f{u,v + (p{u)) = + v?{bi2v'^ + C2U^)'^ + (higher terms). 

Then the Newton boundary r(/; v) consists of two faces Aj [i = 1, 2) so that the respective 
face functions are given by 

fAi{u,v) = v^{v + 612-0^), fA2{u,v) = u^ibuv"^ + C2n^)^. 

Note that f{u, v) is degenerate on A2. We take the canonical toric modification vri : Xi 
with respect to {S^, {u,v),0} where is the canonical regular simplicial cone subdivision 
with vertices {Ei, Qi, . . . ,Qq, E2} where 

= (1) ' = (2) ' ^3 = (J) , Q. = (1) , Q5 = (fj ,Qe=(l 
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and the weight vectors Q2 and correspond to the faces Ai and A2 respectively. Then we 
can write the divisor (7r|/) as 

6 

i-nlf) = C + Y,m{f,Q,)E{Q,), 

i=l 

where C is the strict transform of C and intersects only with the exceptional divisors E[Q2) 
and E{Q^). We can see that C is smooth and intersects transversely at C r\E{Q2) but C has 
the singularity at the intersection C n E{Q^). Put ^ = C n E{Q^). In the toric coordinates 
{ui,vi) of with r = Cone(Q5,(56) (see [TO] for the notations), ^ = (0,— 02/612)- To 
see the singularity (C, ^), we take the admissible translated toric coordinates {ui,v'^ with 
v'l = vi + C2/612 + h{ui) where h take the form h{ui) = qiui + q2u\. Then we can see that 
7rJ/(tii,f^) = cui^{v'^ + (3u\ + (higher terms)) and (C,^) ~ -65,2- Now we take the second 
toric modification 112 '■ X2 Xi with respect to {Sg, {ui,v[),(^} where S2 is the canonical 
regular simplicial cone subdivision with vertices {Ei,Ti, . . . , T4, £'2} where 

and the weight vector T3 corresponds to the unique face of TTlf{ui,v'i). Note also the excep- 
tional divisor which corresponds to Ei is nothing but the exceptional divisor E(Q^) in the 
previous modification tti. Then we have 

(vr*/) = 5E{Qi) + 10^(^2) + UEiQs) + ISEiQ^) + 40^(^5) + 20^(^6) 

+ 42E{Ti) + UE{T2) + 90^ (Tg) + ibEiT^) 

{7r*K) = E{Qi) + 2E{Q2) + SEiQs) + 4^(Q4) + WEiQ^) + bEiQe) 

+ llE{Ti) + 12E{T2) + 26E{T3) + 13i(r4) 

and we consider two polynomials h2{u, v) and r2{u, v) which are defined by h2{u, v) = bi2v'^ + 
C2U^ and r2{u,v) = h2{u,v) — ^^^u^v Then we can see by a direct computation 

vr /i2 (ui , i;^ ) = u^^^d^v'i + d^ui + (higher terms)), 
'^i''^2{ui,v'i) = u^^(d'^v[ + d'^uf + (higher terms)), 
m{h2, Q2) = 4, m(/i2, Q5) = 18, m(/i2, T3) = 38, 
"i(r2,g2)=4, m(r2,Q5) = 18, m(/i2, Tg) = 40. 
Assertion 1. The adjunction ideals JTo,k,io ore given by 

JO,3,10 = {U,V), JOA,10 = {U^,V), Jo,5,W = {u^,UV,v'^), Jo,6,10 = {u^ , U^V , v"^) , 

Jo,7,io = {u^'^,u^v,uv^,v^), Jo,8,io = {u^^,u^v,u^v^,v^,h''2'°^), 

Jo,9,io = {u^^,u^'^v,u^v'^,uv^,v'^,r!^'^^) 

where h^'^\u,v) := v?h2{u^v) and r^''^\u^v) := u'^r2{u,v). 

The proof follows from Lemma 3 and Lemma 4 and by an easy computation. 
Thus we have pfi{0) = 21, ^9(0) = 29 and 

/5(^) = {j J; J 7^9; ' ^fc(O)>10(A;-3), 3<fc<9. 
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Assertion 2. The map ak is injective for all k = 3, ... ,9. 

Proof. Recall that C can be either irreducible or reducible in this case. As tfc(O) > 10(A; — 3), 
if C is irreducible, then the assertion follows from Proposition 1. 

Assume C is not irreducible. We have seen in the previous argument in §3.4, C has two 
irreducible components of respective degree 1 and 9. Namely we can write C = Ci U Cg 
where Ci = {y = 0}. Suppose that there exists a non-zero g G Ker ct^ C 0{k — 3). As 
ik{0) > 10{k — 3), g divides / by the proof of Proposition 1. This is possible only if A; > 4 
and deg g = 1. By the assumption, we have g = cy with c 7^ 0. As y = v + f{u), we see that 
g can not be in the ideal i7o,fc,io for k > 5, as v ^ •Jo,k,io by Assertion 1. This implies that 
(Tk is injective for /c 7^ 4. Assume A; = 4. As 020 7^ 0, oicduip{u) = 2 and c7o,4,io = (u^^'v), 
again we see that v + ^{u) ^ ■7o,4,io- This is a contradiction for g E Ker CT4 and the proof is 
completed. □ 

Therefore we obtain the property (jj): £k = 1 for k = 7,9 and £fc = otherwise. Thus 
the reduced Alexander polynomial is given by Ac(t) = - + - t + 1 for the case 
{C,0)^{Bl^)^^>^oB2,i. 

5.4. The case of i?29,2 ° -62,1 o By local classification [5j, this singularity appears 

in the case that the associated curves C2 and C5 satisfies following conditions: 

(1) C2 is irreducible and /(C2,C5;0) = 10. 

(2) The multiplicity of (C5, O) is 3 and the tangent cone of C5 at O consists of a line Li 
with multiplicity 2 and a single line L2. 

(3) The conic C2 is tangent to the line Li at O. 

Suppose that C2 and C5 satisfies the above conditions. Then we may assume that the defining 
polynomials of C2 and C5 are following forms: 

/2(x, y) =y + a2ox'^ + auxy + ao22/^, 020 / 

f5ix, y) =bQ5y^ + ao2^i2 xy^ + 2ao2bi2a:(aiix + l)y^ 

+ ^^6i2(4ao2fe?2 + 54ao2a20 + 27ali)x^ + laubux'^ + b^x^ y"^ 
+ (^^bi2X^{2bl^ + 27a2o)(aiix + 1)^ y + ^612020(27020 + ^bl^)x^ 

where 612 7^ and + 9^20 7^ in general. If + 9^20 = 0, C has the line component 
which is defined by {y = 0}. Now we take a local coordinates (u, f) of the following type so 
that 

X = u, y = V + (f{u), if{u) = -020^^ H , 020 7^ 0, 

/2(n, V + ifiu)) = V + ip{u) = V + Piu'' + (higher terms), l3i 7^ 0, 

/5(n, V + 99(u)) = 605 + bi2uv{v + ■^b\2u'^) + C4 + (higher terms), 612 7^ 0, 

f{u,v + ip{u)) = v'^{v + (iin^)(t; + d2ti^)^ + + (higher terms), ^1,^2 7^ 0. 

4 

By an explicit calculation, we have d2 = — 6x2 '^2 + 020 7^ 0. (If (i2 + 020 = 0, / becomes 

a non-reduced polynomial.) Then the Newton boundary T{f;u,v) consists of two faces Ai 
and A2 so that their face functions are given by 

fAd'^,v) =v\v + dlU^){v + d2U^f, fA2{u,v) =U^{dld^2V^ +PIu'^^). 
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Note that f{u, v) is degenerate on Ai. We take the canonical toric modification tti : Xi —>■ 
with respect to {S^, {u,v),0} where is the canonical regular simplicial cone subdivision 
with vertices 

El, Qk =(^^il<k< 14), Qi5 = (^29) . Q16 = (15) , E2 

where Q2 and Q15 are the weight vectors of the faces Ai and A2 respectively. Then the 
divisor (tt^/) is given by 

16 

{7^lf) = C + J2Mf,Q^)E{Qi), 

i=l 

where C is the strict transform of C and intersects only with the exceptional divisors E{Q2) 
and E{Qi^). We can see that C is smooth at Cf^E{Ql^) and the intersection is transverse. On 

the other hand, C intersects with E{Q2) at two points .^1^1, ^1^2 where ^1^1 = (0, — (ii), ^1,2 = 
(0,-^2) in the toric coordinates {ui,vi) of the chart with r = Cone ((525 Qs)- Note 
that {C,^i^i) is smooth and the intersection with E{Q2) is transverse at 4i,i = (Oj— (^i)- 
On the other hand, ((7,^1,2) has singularity. To see the singularity ((7,^1^2), we take the 
admissible translated coordinates with v'i = vi + d2 + h{ui) where h takes the form 

h{ui) = qiu + q2u'^- Then we see that TTlf{ui,v[) = cuY'{v[ + Puf + (higher terms)) and 
{C,$.i,2) ~ -65,2- Now we take the second toric modification 7r2 : X2 ^ Xi with respect to 
{S2, {ui,v[),^i^2} where S2 is the canonical regular simplicial cone subdivision with vertices 

El, ri=(l)>r2=0,T3=Q,r4=Q, E2 

where the weight vector corresponds to the unique face of r(7rjf/; ui,v[). Then we have 

14 

(tt* / ) = 5^(Qi) + ^ 2(i + 3)E{Qi) + 70E{Qi5) + S5E{Qie) 



1=2 



+ 12E{Ti) + 14^(r2) + 30^(r3) + 15E{T4). 
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{Tr*K) = E{Qi)+Y^ i£;(Qi)+30i:(Qi5)+15£;(Qi6)+3£:(ri)+4i:(r2)+10E(r3)+5£;(r4) 

i=2 

and we consider two polynomials hi{u, v) and ri{u, v) which are defined by hi{u, v) = v+d2u'^ 
and ri{u,v) = h\{u,v) — ■ Then 

'iT\hi{ui,v'-^) = v?'{e^v']^ + 64-^1 + (higher terms)), 
T^ifi{ui,v'i) = u^{e'^v']^ + e'^u\ + (higher terms)), 

m{hi,Q2) = 2, m{hi,Qi5) = A, m{hi,Tz) = Q, 
m{ri,Q2) = 2, m(ri, Qig) = 4, m(ri,r3) = 8. 

Remark 2. The Alexander polynomial does not changes on the irreducible component of 
the configuration space of the fixed topological type of the singularity. Therefore for the 
practical computation, it is easier to choose some explicit values. We take 605 = ^12 = 002 = 
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a2o = ail = 1- Then we have 
f2{x, y)=y^ + {x+ l)y + 

f5{x, y) = y^ + xy" + 2(a;2 + + (g^^ + 2^^ + x)y^ + (^a;^ + + 

^ ^ 4 2 2 

801559 12 2872109 ,0 5348333 

— H : ^7; — • 

64 64 32 

Assertion 3. Under the above situation, 

(a) The ideals Jo,k,io given by 

Jo,3,W = {U,V), Jo,4,W = {u'^,v), Jo,5,10 = {u^,UV,v'^), Jofi,10 = {u^ , V , v"^) , 

— /„,10 „A„, „,2„,2 „,3 q- — /„,13 „,5„, „,3„,2 „,„,3 „,4 ^(2,1) j,(0,2)v 

Jo,7,io — ,U V,U V ,v ), Jo,8,w — \U ,U V,U V ,UV ,V ,tl^ ,tl^ ), 



(b) The kernel of ak are given by 



where h^^'^\u,v) := u^v^h\{u,v) and r^'^\u,v) := u^v^r\{u,v). 



KercTs = (0), Kercr4 = (y), Kercr5 = {y'^,xy), Kera^ = {yf2,y^), 

Ker ay = (y V2), Ker as = (y V2), Ker ag = {Syf^ - 26i2xy/| - coy^fi). 

.,, 81aiia2o 

with Co = , ,,0 

46i2(9a2o +46|2) 

Proof. The assertion (a) follows from Lemma 3 and Lemma 4. We consider the assertion (b). 
By the choice of the local coordinates (n, v), we have relations: 

X = u, y = v + (p{u) =v — a2ou^ H , 

/2(n, V + <p{u)) = V + '4>{u) =v + PjvJ + (higher terms), /Jy 7^ 0, 

/5(n, + = ^'05 + bi2uv{v + ■^b\2U^) + Q + (higher terms). 

Put ^{u) = X^j^2 CKj^"' with 02 = —020- We define 

ord Jo,fc,io := min{ord(u^^) h\h ^ Jo,k,io}- 
Thus for any g € Kera^, we have 

(2) o'^^{x,y) 9 = OTd(^u,v)(^k{g) > ord Jo,k,io- 

Case k = A: Ker 0-4 = (y). 

Proof. The inclusion (y) C Kera4 holds by the definition of a4. For any g € Kera4 C 0(1), 
writing g{x, y) = ci + C2X + Csy, 

<^4{g){u,v) = Ci + C2U + C3{v + ip{u)) G Jo,4,10 = {U^,v). 

Hence we have ci = C2 = and Ker 0-4 C (y) . □ 

Case k = 5: Ker 0-5 = (y^,a;y). 

Proof. First we show that y^, xy £ Ker as. By the definition of as, we have 

f^5(y^) ={v + (/'(-u))^ =v'^- 2a2ou^v + a2o^i^ + (higher terms) G Jo,5,io 
'75(a^y) =u{v + ¥?(tt)) =uv - a2ou^ + (higher terms) G Jo,5,io 
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as J7o,5,io = {v? ,uv,v^) . Next we show that Keras C {y'^,xy). Take g G Keia^ C 0(2). As 
ordi7o,5,io = 2, we can write ^(x, y) = c\x^ + C2X?/ + cj,y^ by ([2]) and 

(T5(5()(ti,v) = cin^ + 02^ + 03^^ + (higher terms) G Jo,5,io = {v?,uv,v^). 

Hence we have ci = and Ker = {y^ , xy) . □ 

Case k = 6: Keva^ = {yf2,y^)- 

Proof. First we show that y/2, G Kerag. By the definition of uq, we have 
cr6(y/2) =(^^ + '/5(n))(w + VN) 

=ti^ - a2oU^v - a2oP7U^ + (higher terms) G Jo, 6, 10 
(76(y^) =(v + V3(u))^ = v'^ — 3a2ou'^v'^ + So^qu'^v — oIqU^ + (higher terms) G Jo, 6, 10 

as Jo,6,io = {u^,v?v,v'^). 

Next we show that Ker cTg C {yf2,y^)- Take g G Kero-g C 0(3). As 0-6(5) G Jo,6,i0) we 
can write 

'^&{g){u, v) = g{u, V + (p{u)) = ai{u, v)u^ + a2{u, v)v?v + a^{u, v)v^ 

where Oj G Oq {i = 1,2,3). Define g'{u,v) by the above right side polynomial. Then we see 
that 

I{y^ 5; O) = ordug'iu, -ip{u)) > 4. 

On the other hand, if y does not divide g, l{y,g;0) < 3 by Bezout's theorem which is an 
obvious contradiction. Therefore y divides g. Thus we can write g{x,y) = yg2{x,y) where 
g2 G 0(2). Dividing g2 by /2 as a polynomial of x, we can write g2 as g2 = co/2 + (ci + 
C2y)x + cay^ + c^y + C5 for some constants cq, . . . , C5. As y/2, y^ G Ker ae, we need to have 
y((ci+C2y)x+C4y+C5) G Ker aQ. By a simple computation, we conclude ci = C2 = C4 = C5 = 
and 

g{x,y) = Coy/2 (x,y) + 03^^ G {yf2,y^)- 

□ 

Case A; = 7: Ker^r = (^^2)- 

Proof. First we show that y^/2 G Keraj. By the definition of (J7, we have 

(yiiy"^ f2){u,v) ={v + ip{u)f {v + iIj{u)) 

Q 000/1 011/ \ — 

=v — 2a2ou V + a2QU v + 020/??^^ + (higher terms) G Jo, 7,10 

as 

where h^l''^\u^v) := uv{v + d2U^). Next we show that Ker 0-7 C (y^/2)- Take g G Ker 0-7 C 
0(4) and we can write a'j{g) as 

a7{g){u,v) = '^gi{u)v\ ovdugoiu) > 10, ord„yi(n) > 3, ord„5t2(^i) > 1- 

i>0 

Then we see that l{g,y;0) = ord^j 0-7(5') (n, —(/?(u)) ^ 5 and by Bezout's theorem, y divides 
g. Similarly we can see that we have I{g,f2',0) = ord^ 0-7(5) (u, ~'^{'^)) ^ 10 and again by 
Bezout's theorem, we conclude /2 divides g. Thus we can write g{x, y) = 5/2(00 + cix + C25) 
for some co,ci,C2 G C. The assumption 5, 5^/2 G Ker 0-7 implies that g{x,y) — 025^/2 = 
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,9 



(co + cix)y/2 € Kerur. Thus we have <J7{coyf2){u,0) = —coa2oP7U +- ■ ■ G •Jo,7,io- Therefore 
Co = as orducr7(coj//2)(u, 0) > 10. Moreover we have 



(^7(9) = f^7{cixyf2) = ci uv{v - a2ou^) mod Jo. 



7,10- 



As d2 + 0^20 7^ 0, we see that uv{v — a2ou^) ^ J7o,7,io- Hence we have ci = and we conclude 
g{x,y) = C2y^f2- □ 

Case k = 8: Kerag = (y^/2)- 

Proof. First we show that y^/2 G Kero-g. By the definition of erg, we have 

(T8{y^f2){u,v) ={v + (f{u)f{v + '^{u)) 

— 3a2ov!^v^ + 3a2Qu'^v'^ — a2QU^v — a2oP7U^^ + (higher terms). 

As c7o,8,io = {u'^^,u^v,u'^v'^,uv'^,v'^), we see that ^^{y'^ f2) € Jofi,w- 

Next we show that Kertig C (2/^/2)- Take g G Kercjg C 0(5) and write o"g(5r) as 

(^s{g){u,v) = ^gi{u)v\ ord„5o(^i) > 13, ordu5i(u) > 4, ord„6f2(w) > 2. 

i>0 

As l{g,y;0) = ord^ (7g((/)(u, — (/^(li)) > 6, we see that y divides g by Bezout's theorem. 
Similarly we can see that I{g,f2]0) = ord„ (7g((7)(n, — -(/'(u)) > 11, we see that /2 divides g. 
Hence we have g{x,y) = yf2g'{x,y) for some g' G 0{2). We put g'{x,y) = Co2y^ +r{x,y) 
where r{x,y) = ciixy+coiy+C2ox^+ciox+coo- As y^/2 G Kerag, we have y/2r(x, y) G Kerag. 
Consider the expression 

(^8{yf2r){u,v) ='^'ilji{u)v' 

i>0 

We can see that ip2{u) = cqo + (000^20 ~ cio)n + u'^'^2{u)- Thus cqo = and cio = as 

ordu'(/'2 ("u) > 2. Now we have 

iPq{u) = -020/37(0200)1 - C2o)ii^^ + aio (c?(a2ocoi - C20) + /37(aiicoi - cn)) + u^^(po{u). 

As ord„Vo('") > 13 by the assumption (Tg(y/2r) G i7o,8,io, the coefficients of u^^,u^'^ in 
'(/'o(^) niust vanish. Therefore 029001 — C20 = and anCoi — cn = 0. Thus we conclude 
r{x, y) = coi (y + 0202^^ + anxy). Consider the weight vector P = *(1, 2) for the variables f . 
Then we compute the leading term of (T%{yf2r){u,v) with respect to P: 

cr8{yf2r)p{u,v) = coiv'^{v - a2ou^) 

As the lowest degree of elements in jTo, 8, 10 is 6 and they are generated by h^^'^^ = u^v{v+d2V?') 
and /i^'^'^^ = {v + d2ti^) ■ Thus we must have the equality CF8{y f2T)p{u,v)\^=^^^y2 = 0. This 
implies that cqi = as ^2 + 020 7^ 0. □ 

Case A; = 9: Kerag = (3y/5 - 26i2xy/| - coy^/|) where cq = 81aiia2o 



4612(9020 + 46|2) 

Proof. The proof of this case is most computational. As the Alexander polynomial is a 
topological invariant, we can choose any polynomial in the connected component of the moduli 
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space. Thus we use the polynomial in Remark 2. (We take 6o5 = ^12 = 0^02 = 0^20 = 0^11 = 1-) 
f2{x, y) = y^ + {x + l)y + 

/5(x, y) = y^ + xy^ + 2{x^ + x)y^ + (^x^ + 2x^ + x!^y^+ {^x^ + ^x^^ y + ^x^ 

4 2 2 

801559 12 2872109 ,0 5348333 ,4 

TT. — u H TT. 7:7^ — • 

64 64 32 

and then hi{u, v) = v + |n^, ri(w, = + |n^) — and cq = 

First we show that p{x, y) := Syf^ — 2xy/| — f^y^/l is in the kernel of ag. Put pi{x, y) = 
Syf^ — 2x?//|. We observe that 



ag{pi){u,v) = uv{v — u ){v + -u ) + u V — -u ) mod jTo 



',9,10- 



ag{p){u,v) 



A ^ 13 \ (3,1) ^ A ^ 151 \ (1,2) 81 (0,3) , ^ 

i J I J ^1 52^ ^0,9,10- 



Thus we conclude cr9(p) G Jb,9,i0) as j7b,9,io = {u^'^,u'^v,u^v^,u^v^,uv^,v^,r^'^\r^'^\hi''^^). 

Next we will show that Kcrcrg is generated by p. Take g G Kerag C 0(6) with g ^ 0. As 
ord j7b,9,io = 4, we have ord(j.^2^) 5 = 4. Hence we can put 

9{x,y)= ^ CrsX^'y^, ag{g){u,v) = ^i;i{u)v\ 

4<r+s<6 i>0 

where 

ipo{u) = fljii*, 'il^i{u) = Oj, bi are linear polynomials in Crs- 

i>4 i>3 

By the assumption ag{g) G <Jo,9,io, we have oicdui^o{u) > 17 and orduV'i (^t) > 5. Hence we 
solve the 15-equations ai = 0,4<z<16 and bi = 0, i = 3, 4 in Cj-s for the lexicographical 
order. After solving these equations, g takes the form: 

g{x, y) =CQQtf + (ci5X + cos)^^ + ^(2ci5 - ^cob)x^ + (2ci5 - co5)x + ^cqs j 2/^ 



+ ((^co6 - ^co5 + 3ci5)x^ + (2ci5 " co5)a;^ + (ci5 - co5)a;)y' 

// 4 85 ^ . A 4 56 , 3\ 

+ (^(^^coe - ;^co5 + 2ci5)x + (2ci5 + — C06 - ^^cosja; jy 



/ 29 4 , . 

+ I Cl5 - —Cos + ^C06 ) X y 



where g has still 3-parameters C05, C15, cqg- We get the equality 

4 25 2 4 

(^9{9){u,v) =(ci5 - cq^)uv^ + {-^cqq - ci5 + -^cor,)u^v^ + (2^co5 - -j^(^&)u^v 

1 4 77 - 

+ 2C05'y'^ + (2ci5 - 3co5)n^'u^ + {-jr^^o^ - cis + ^cos)^^^^^ mod Jo,9,io- 



20 M. KAWASHIMA AND M. OKA 

Now we consider the weight vector P = *(1, 2) for variables u, v as in the previous case. Then 

degp ag{g){u,v) = 7 and 

Cr9{9)p{u,v) = (Ci5 - C05)UV^ + (^C06 - Ci5 + '^Co5)u^v'^ + (^Cqs - ^Co(i)u^V, 

(3 1) (1 2) 

As the lowest degree of the generators of J^o,9,io is also 7 and they are r\ ' and . Thus 
we must have 

ag{g)p{u,v) = {ar^'^^ + 6r|^'^^)p, for some a, & € C. 
Thus we see that ag{g)p{u, — ^u^) = 0. This gives the equality 

5co5 - 6ci5 + 2C06 = 

and we eliminate co5 using the above equality and then a, b are solved as follows. 

12,12 

a=-Ci5--C06, = -- Ci5 + - C06. 

We put gi = ag{g) — {ar\ ' + brl ' ). Then we see that degp 51 = 8. Thus we can write 

/ \ / (3,1) , ,/ (1,2) , /, (0,3) f I u' I r- tn 

gi [u, V) = a url + ur^ + c n\ , tor some a ,b ,c G (L. 

Again we need to have gi{u, — A/du^) = which gives the equality 

15ci5 + 22co6 = 0. 

Eliminating the parameter C15, we finally obtain the expression 

g(x,y) = —y(675y^ - {990x + 1458)y^ - (1251x2 + 522x + 729)^^ 
675 V 

+ (154x2 - 522x + 468)xy2 + (415x^ + 1144x^)y + 676x' 
and we conclude that 

9{x,y) = —coep{x,y). 
75 

□ 

The proof of Assertion 3 is now completed. 

Now we are ready to compute the Alexander polynomial for the case (C, O) ~ 
^29,2 ° -82,1 o (i?| -1^)^5.2. By above assertions, we have P7{0) = 15, psiO) = 20 and pgiO) = 28 
hence we obtain the property (jj): £fc = 1 for k = 7,9 and £k = otherwise. Therefore we 
have Ac(i) = — t'^ + — t + 1 by Lemma 1. Thus the proof of Theorem 1 is completed. 

5.5. Linear torus curve. The singularity -B50 2 appears also as a linear torus curve of type 
(5,2): 

C: f,{x,yf-y'^ = 

with l{f^,y;0) = 5 ([2])- In this case, C consists of two smooth quintics and the Alexander 
polynomial is given by following ([2|): 

it'' - 1) 



Ac(t) 



t + l 
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5.6. Proofs of Corollary 1 and Corollary 2. The assertion of Corollary 1 is an immediate 
consequence of the Sandwich principle. The assertion of Corollary 2 is a result of [2]. In fact, 
we only need to observe that the equivalence class of such torus curves correspond bijectively 
to the partitions of 10 by locally intersection numbers of C2 and C5. In particular, such 
a curve degenerates into an irreducible torus curve with a unique singularity -850,2 which 
corresponds to the partition 10 = 10. 
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